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A MLE in SLMMs

The maximization step in our method relies on the ML algorithm for the SLMM given by
z=XB+7v+e, (19)

where z € R" is a response vector, X € R"*? is a design matrix, 3 € R? is a parameter vector for
fixed effects, v ~ N (0,X,,) is an n-dimensional vector for random effects, w € R? is a parameter
vector for variance components in the random effects, € ~ N (0, W™!) is an n-dimensional vector
for random errors, and W is a known diagonal matrix for weights. We assume that « and € are
independent. By integrating -y out in the h-likelihood function of (19), we obtain the log-likelihood

function of the model as

(8, ) =~ log(2m) — 3 logldet(V.,)] — 5(= — XB) V(= — XB) (20)

where V, =3, + WL
We propose a profile likelihood approach to calculate the MLEs of 3 and w. Given w, the

conditional MLE of 3 is
B = (X'VIIX) XV 'z (21)

Put this into (20). We obtain the profile log-likelihood function of the model as

1 1
ly(w) = —g log(27) — 5 log[det(Vy,)] — §ZTsz, (22)
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where M, = V! — VIX(XTVIX) I XTV L

We devise a Newton-Raphson algorithm to compute the maximizer of ¢,(w). To implement
the Newton-Raphson algorithm, we need to calculate the first-order and the second-order partial
derivatives of £,(w) with respect to the components of w. The derivation is straightforward. We
only display the results below.

The first-order partial derivative of £,(w) is

dp(w) 1 [ ,0VL\ 1 1. OV,
—aw] = 51:1" (Vw awj +§Z Mw &uj sz7 (2?))

where w; is the jth component of w. The second-order partial derivative of ¢,(w) is

2 2 2
Ihw) bw) zltr (Vl—a Ve ) — 1tr (V1 Ve v 8Vw) + 1zTM Ve M,z

ale awj2 2 @ (9wj18wj2 2 @ c%)jl « 8&)]'2 2 wawjl 8(,0]‘2 (24>
1 V., V., 1 Vo V.,
— —zTMwa—Mwa—sz — —zTMwa—Mwa—sz.
2 (%)jl 3wj2 2 &,ujz 3wj1

The MLE of w, denoted by w, can be efficiently derived by the Newton-Raphson algorithm.
After w is derived, the MLE of 3 can be quickly derived by B = Bw The computation of the
first and the second order derivatives does not need any numerical evaluations of HDIIs because
only partial derivatives of V, are needed. Because ¢ is usually small, the indirect usage by the
profile likelihood approach for the MLEs is more efficient than the direct usage by the likelihood
approach. The two approaches provide identical results in parametric models (Murphy and van der

Vaart, 2000). Therefore, we recommend using the profile likelihood approach in the computation

of the MLEs of 8 and w.

B Prediction of Random Effects

By (19), we obtain the joint distribution of z and ~ as

z X3 V., 2o
~N , . (25)
v 0 Yo 2

If B8 and w are known, then we predict v by
Y = E(v]z) = B,V (z — X3). (26)

If B and w are unknown, then we replace them by ,C:I and w, respectively, in (26), leading to a

similar formulation for 74,. It can predict v under (19) with unknown 3 and w.
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C Fisher Information

The Fisher information is the expected value of the negative Hessian matrix of ¢(3, w) divided by

n. It can be straightforwardly derived by (20) under (19). The results are

Bw) — [ 17 e | L X VX ° @
g Luw | 7 0 o (VSIQev, o)

) Twowo

implying that \/n(8 — B) ~ N(0,I55) and v/n(w — wo) ~ N(0,I51, ) as n — oo, where By

and wq are true parameter vectors.

D Proofs

Proof of Theorem 1. By /,(3,w) = log[L;(3,w)] with L,(3,w), we obtain the h-loglikelihood
function of the SGLMM as

(B, w) =y * 6 — b(0) + c(y) — = log(2m) — %log[det(ﬁw)] - 17T2;1'7-

2 2

Based on the working SLMM

25 =XB+v+e€ (28)
where v ~ N(0,5,), € ~ N(0,Wg), 255 = XB+7 = (21505 203,) -+ Zip5 = T B+ i,
W, = diag(w,gs, - - - w,55), wz_gl., = (07;/0u;)?V" (0:), fis = g~ (i), and 0; = 7j; = & B + A, we

obtain the working h-likelihood function as

N

Ly 5+(B,w) =(21) 7" [det(W 55)]2 [det(S.,)]~

Y
1 1+
X exp {—5(%i —XB—7) Was(z5, —XB —7) - §7T2w1'7} :

Taking the logarithm of the above, we obtain the working h-loglikelihood function as

=

0, 4+(8.w) = — nlog(2m) + é log[det(W5.)] — %log[det(Ew)]

1 1 _
= 5(255 = XB =) Wy (25, = XB =) = 57" 31y,

It is enough to prove that the maximizers of ¢ (3, w) and Khﬁ,y(ﬁ, w) are identical when 8= Bhn

3T ~T

h ngs O py) | = Areming, b 558, w).

n,) | =argming, (4(8,w) and (

and 4 = 4, because (B,I,y, w



We first compute the score functions of £,(8,w) and ¢, 5-(8,w). The partial derivative of

(p (B, w) with respect to f; for every j € {1,--- ,p} is

8Eh(ﬂ, (.«J)
0B,

where @; is the jth column of X. The partial derivative of ¢, (8, w) with respect to w; for every

j€{17"' aq} 18

=2, (y - p), (29)

oy (B,w) 1 0%, 1 1 10%0 4
The score function of ¢;(83,w) is
- o(B,w)  In(B.w) Mn(Bw)  O(Bw)\'
/ — (== e, RV 1
h(67w> ( 8/61 ; P aﬁp P aUJ1 ) 3 awq ) (3 )
indicating that
(n(Bhys @ny) = 0. (32)
The partial derivatives of ¢, 5-(8,w) with respect to 3; for all j € {1,--- ,p} is
ag 35 (/87 w) ~
’“’T =& W (25 — XB—). (33)
The partial derivatives of ¢, 5 (8, w) with respect to w; for all j € {1,---,q} is
0l 55(B,w) 1 ) 1 )
— P = ()2 ) oy B . 34
3wj 2tr( “ (%Jj > + 2’7 « &uj w ¥ ( )
The score function of ¢;(83,w) is
L = (PB)  Oae(B) DB BN
h,ﬂ‘y ) aﬁl ) ) aﬁp ) 80.)1 ) ) 8wq )
indicating that
éh,éfy(Bhﬂﬁa "bh,@’y) =0 (36>

for any B and 7.

We next compare (29)—(36) for the relationship between /éhrv and /éhﬂ:w and that between
Why and wy, 5o under (28) when B = Bh,-y and 4 = . We quickly obtain 0¢,(3,w)/0w,; =
9y, 35(B,w)/0w; by (30) and (34). Therefore, we only need to compare (29) and (33). By n; =
x; B+ and dp; /On; = Opi/00; = " (0;) = V(y:), we obtain wi_,ﬁl'y = (Omi/Opi)?" (0;) = Omi /O



Thus, (29) is equivalent to

8&1 ﬂ w
xz i
T =t

- 87% 1 8771'
= ()" (Wi — 1) ]
; ! O Opi

. 0 o (37)
— ; J:U(a,uz) [771 -+ (yl ,uz) aluz T, /6 71]
N Z TijWipy(2i8y — T B = 7)-
i=1
We obtain
00u(B,w n B
%‘ : =Dy Wig, 2,y = T By — %) (38)
I IB=Bhyw=eny =1
We equivalently express (33) as
oe, Bv .
85 - Z LijW; B'v —x; B— ) (39)
j
and obtain
o, 5 (B, w
%‘ R = wa ’Lﬁ’)’ — I, /BB’Y %) (40)
! ﬁ:BhaBﬁ”Y:Qh,éw =1

We then compare (39) and (40) for the solutions of the score functions, specified by (32) and (35),
respectively. We find that the solutions are identical when 3 = Bh,y and v = «. We then draw
the conclusion. &

Proof of Theorem 2. The objective function given by the E-step of the EM algorithm (Little
and Rubin, 2002, P. 168) is [1og f4 8w (Y, Y) fesw(Y|y)dy. Note that f.gw(v|y) is a PDF. The
value of the integral is between the minimum and the maximum of log f;, gw(y, ) as a function of
~. Because log fi 0 (Y, ) is continuous in -y, there exists 4 satisfying the condition, which means
existence. The M-step is carried out by the h-likelihood by replacing 3 with . By Theorem 1, the
solutions are identical to those given by (11). For normal responses, the EM algorithm provides
identical solutions to those given by the likelihood method after treating missing values (Little
and Rubin, 2002, P. 172). Thus, the final solutions are identical to those given by (13). O

Proof of Theorem 3. Both /, 5-(8,w) and {5:(8,w) are the true log-likelihood functions.
They satisfy the Shannon-Kolmogorov Information inequality (Ferguson, 1996, P. 113). Because
y follows an exponential family distribution and the prior distribution for 4 is normal, all the reg-

ularity conditions for consistency and asymptotic normality (e.g., the conditions given by Chapter
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17 in Ferguson (1996) or Section 5.2 in van der Vaart (1998)) are satisfied. Thus, BB'? and Bh,é—y are
v/n-consistent estimators of 8, and wss, and w), 3 are y/n-consistent estimators of w under (10),
implying the conclusion. &

Proof of Theorem 4. Because y follows an exponential family distribution, the usual regu-
larity conditions for consistency of the MLEs given by Theorem 17 of Ferguson (1996) are satisfied.
To apply the method in the proof of Theorem 17 of Ferguson (1996), we need the Lebesgue Dom-
inate Theorem and an enhanced version of the strong low of large numbers. They are assumed by
(ii) and (iii), respectively. Then, we can apply the method in the proof of Theorem 17 of Ferguson
(1996), leading to B® — B 5 0 and w® — w!” 5 0 for any fixed ¢ as n — co. We derive the
final conclusion by adopting the same method for the asymptotic normality of MLEs used in the
proof of Theorem 18 of Ferguson (1996). &

Proof of Corollary 1. Asymptotic normality is implied by the Lyapunov condition with
consistency. Note that ﬁpM and wpys are the MLEs of 3 and w with unobserved ~, and wy,
and w;, are those with observed . We can use the formulation for the relationship between
conditional and unconditional variance-covariance, i.c., V(8pa) = E[V(Bpu|v)] + VIE(Bpar|v)]
and V(wpy) = E[V(wpy|7y)] + VIE(wpar|y)]. Then, we obtain the Fisher Information given by
Appendix C. &

Proof of Corollary 2. By the Cramér-Rao Lower Bound Theorem (e.g., Ferguson (1996) Page
129), the variance-covariance matrix provided by Corollary 1 is identical to the variance-covariance
matrix provided by the Fisher Information because it is optimized according to the connection
between the conditional and unconditional variance-covariance matrices. Note that none of [‘3,
@, Bpu, and ,[;'pM depend on ~. Using the standard Talyor expansion for the derivation of the

asymptotics of the MLE with Corollary 1 and the properties of the Linderberg-Feller condition,

we have
0 ZVEBPJW‘:’PM (’éPM’ ":’PM)
Brur B
=V (B0, @0) + Vo (Borwo) | [ 7 | = T || +oVn)
wpMm wo
and
0=V{(B,w)
; B
:Vgﬁou-’o (,30, wo) + VQEﬂOwO (BOa wﬂ) R - ’ + Op(\/ﬁv )
wWo



where 3y and wy are the true parameter vectors. Take the difference of the above, we have

RIS SV | Ikl I () R SR

~

C:JPM w

Note that —n~'V?{g,u, (B0, wo) is the Fisher Information matrix. It is positive definite. We obtain

gl B\ (8] 5,

~

@pM w

as n — 0o, leading to the conclusion. &
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